
#7 Functions
! In this section we will go over Functions by means of 
logical definitions and mathematical proofs.



Functions

Well-Defined Property: 𝑓𝑓:𝐴𝐴 ⟶ 𝐵𝐵 is well-defined
iff

∀𝑥𝑥1, 𝑥𝑥2 ∈ 𝐴𝐴, 𝑥𝑥1 = 𝑥𝑥2 ⟹ 𝑓𝑓 𝑥𝑥1 = 𝑓𝑓(𝑥𝑥2)

𝑓𝑓:ℚ⟶ ℤ , 𝑓𝑓 𝑚𝑚
𝑛𝑛

= 𝑚𝑚
Negation..

Example: (not well-defined)



Functions

Injectivity (One-to-one or 1-1): A well-defined
function 𝑓𝑓:𝐴𝐴 ⟶ 𝐵𝐵 is one-to-one iff

∀𝑥𝑥1, 𝑥𝑥2 ∈ 𝐴𝐴, 𝑓𝑓 𝑥𝑥1 = 𝑓𝑓(𝑥𝑥2) ⟹ 𝑥𝑥1 = 𝑥𝑥2

Negation..



Functions

Surjectivity (onto): A well-defined function
𝑓𝑓:𝐴𝐴 ⟶ 𝐵𝐵 is onto iff

∀𝑦𝑦 ∈ 𝐵𝐵,∃𝑥𝑥 ∈ 𝐴𝐴 𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑠𝑡𝑡𝑡𝑡 𝑓𝑓 𝑥𝑥 = 𝑦𝑦

Negation..

Both 1-1 and onto : «Bijective»



Functions

𝑓𝑓:ℝ⟶ ℝ defined as
𝑓𝑓 𝑥𝑥 = 4𝑥𝑥 − 1

Is 𝑓𝑓 1-1? Is 𝑓𝑓 onto? Prove.

𝑓𝑓:ℝ⟶ ℝ defined as 

𝑓𝑓 𝑥𝑥 = 𝑥𝑥2

Is 𝑓𝑓 1-1? Is 𝑓𝑓 onto? Prove.

Example

Example



Functions

𝑓𝑓:ℝ− {1} ⟶ℝ− {1} defined as 

𝑓𝑓 𝑥𝑥 =
𝑥𝑥 + 1
𝑥𝑥 − 1

Is 𝑓𝑓 1-1? Is 𝑓𝑓 onto? Prove.

.

Example



Functions

𝑓𝑓:ℝ × ℝ⟶ ℝ × ℝ defined as :
(𝑥𝑥,𝑦𝑦) ⟼ (𝑥𝑥 + 𝑦𝑦, 𝑥𝑥 − 𝑦𝑦)

Is 𝑓𝑓 1-1? Is 𝑓𝑓 onto? Prove.

.

Example
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