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#4 Theory of Numbers and

Proof Techniques

! Over some number theoretical concepts, we will cover

mathematical proof techniques.



Mathematical Proof

Mathematical 
Proof Tecniques

Direct Proof

Direct Disproof
with Counter 

Example
Proof by Cases

Indirect
Arguments

Proof by
Contra-positive

Proof by
Contradiction



Direct Proofs (Even/Odd Numbers)

𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛 ⟺ ∃𝑘 ∈ ℤ: 𝑛 = 2𝑘
𝑛 𝑖𝑠 𝑜𝑑𝑑 ⟺ ∃𝑘 ∈ ℤ: 𝑛 = 2𝑘 + 1



Direct Proofs (Prime Numbers)

1< 𝑛 𝑖𝑠 𝑝𝑟𝑖𝑚𝑒 ⟺ ( 𝑛 = 𝑟𝑠 ⟺
(𝑟 = 1 ∧ 𝑠 = 𝑛) ∨ (𝑟 = 𝑛 ∧ 𝑠 = 1))



• ∀𝑛 𝜖 ℤ, 𝑛 𝑒𝑣𝑒𝑛 ⇒ 𝑛2 𝑖𝑠 𝑒𝑣𝑒𝑛 , proove.

Example



Direct Proofs (Rational Numbers)

𝑟 ∈ ℝ 𝑖𝑠 𝑎 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 ⟺
( ∃𝑎, 𝑏 ∈ ℤ: 𝑟 = 𝑎/𝑏 ∧ 𝑏 ≠ 0)



• Show that the sum of two rational numbers
is a rational number.

Example



Direct Proofs (Divisibility)

𝑑|𝑛 ⟺
( ∃𝑘 ∈ ℤ: 𝑛 = 𝑑𝑘)



• Prove that for all integers a, b, and c, if 
𝑎 𝑏 𝑎𝑛𝑑 𝑏 𝑐 𝑡ℎ𝑒𝑛 𝑎|𝑐.

Example



• Prove the expression ∀𝑎, 𝑏 ∈ ℤ, 𝑎 𝑏 ∧ 𝑏 𝑎 ⇒ 𝑎 = 𝑏 or give
a counter example.

Example



Direct Proofs (Proof by Cases)


