
#8 Relations
! In this section we will go over Relations by means of 
logical definitions and mathematical proofs.



Relations

Relation: A subset of 𝐴𝐴 × 𝐵𝐵 is called a 
«relation». R ⊆ 𝐴𝐴 × 𝐵𝐵

If 𝐴𝐴 = m, 𝐵𝐵 = n then,

|℘ 𝐴𝐴 × 𝐵𝐵 | = 2mn



Defining Relations Logically

Let 𝐿𝐿 ⊆ ℝ × ℝ.
∀ 𝑥𝑥,𝑦𝑦 ∈ ℝ × ℝ, x L y ⇔ 𝑥𝑥 < 𝑦𝑦

Let 𝑅𝑅 be a relation on/over ℤ. (𝑅𝑅 ⊆ ℤ × ℤ )

∀ 𝑥𝑥,𝑦𝑦 ∈ ℤ × ℤ, x R y ⇔ 𝑥𝑥 − 𝑦𝑦 is even.

Example

Example



Some Concepts on Relations

1. Inverse of a relation

2. Representation of relations overℝ or ℤ on the
Cartesian Plane.

3. Directed Graph of a relation

4. Matrix Representation of a Relation



Properties of a Relation

Negations…  



• Let 𝑅𝑅 be a relation over ℤ. (𝑅𝑅 ⊆ ℤ × ℤ )
∀𝑥𝑥,𝑦𝑦 ∈ ℤ, x R y ⇔ 3| 𝑥𝑥 − 𝑦𝑦

Check reflexivity, symmetry, transitivity.
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Equivalence Relations

Equivalence Classes:



Let 𝐴𝐴 be a set and 𝑅𝑅 an equivalence relation on 𝐴𝐴. If
𝑎𝑎 𝑅𝑅 𝑏𝑏 then a = 𝑏𝑏 .

Lemma



Let 𝐴𝐴 be a set and 𝑅𝑅 an equivalence relation on 𝐴𝐴, if
a, b ∈ 𝐴𝐴 then, 

a ∩ 𝑏𝑏 = ∅ or a = 𝑏𝑏 .

Lemma

𝑝𝑝 ⇒ 𝑞𝑞 ∨ 𝑟𝑟 ≡ (𝑝𝑝 ∧∼ 𝑞𝑞) ⇒ 𝑟𝑟



If 𝐴𝐴 is a set and 𝑅𝑅 is an equivalence relation on
𝐴𝐴, then the distinct equivalence classes of 𝑅𝑅
form a partition of 𝐴𝐴.

Theorem

(Partition):
[𝐴𝐴1, 𝐴𝐴2, …, 𝐴𝐴𝑛𝑛] , is a partition for A ⟺
(𝐴𝐴𝑖𝑖 ∩ 𝐴𝐴𝑗𝑗 = ∅,∀𝑖𝑖 ≠ 𝑗𝑗 ) ⋀ (⋃𝑖𝑖=1

𝑛𝑛 𝐴𝐴𝑖𝑖 = 𝐴𝐴 )



Examples
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